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Abstract
Correlations and the formation of bound states (nuclei) are essential for the properties of nuclear
matter in equilibrium as well as in nonequilibrium. In a quantum statistical approach, quasipar-
ticle energies are obtained for the light elements that reflect the influence of the medium. We
present analytical fits for the quasiparticle energy shifts of light nuclei that can be used in various
applications. This is a prerequisite for the investigation of warm and dense matter that repro-
duces the nuclear statistical equilibrium and virial expansions in the low-density limit as well as
relativistic mean field and Brueckner Hartree-Fock approaches near saturation density.
Keywords: Nuclear matter, equation of state, quasiparticle energies, light elements,
cluster-mean field approximation, generalized Beth-Uhlenbeck formula
1. Introduction
We consider nuclear matter at moderate temperatures, T ≤ 20 MeV, and subsaturation den-
sities, i. e. baryon densities n ≤ ns ≈ 0.16 fm−3. The asymmetry given by the proton fraction
Yp = np/n is arbitrary, where np denotes the total density of protons, and nn = n − np is the total
density of neutrons. In this regime, correlations between nucleons are important, in particular
the formation of bound states, i.e. nuclei.
A general treatment of correlations and cluster formation of the interacting many-nucleon
system can be given within a quantum statistical framework [1]. Equilibrium properties such as
the equation of state (EOS) as well as transport properties are fundamentally influenced by the
composition of nuclear matter. The investigation of the properties of nuclear matter in this region
of parameter values for T, n, and Yp (warm nuclear matter) is of relevance for astrophysical
applications such as supernova explosions, but also for the description of heavy ion collisions
(HIC).
Near saturation density, a quasiparticle approach can be used to describe nuclear matter.
The medium effects result in a self-energy shift of the nucleons that can be incorporated in
the chemical potentials µn, µp of neutrons and protons, respectively, and in the effective masses
m∗n,m
∗
p. Different semi-empirical approaches such as the Skyrme parametrization [2] or more
sophisticated relativistic mean-field (RMF) approaches [3] are used to describe the quasiparti-
cle energy shift of nucleons in dense matter, in particular in astrophysical applications. A more
fundamental treatment is possible in quantum statistical approaches such as the Dirac Brueckner
Hartree-Fock (DBHF) approximation, see [4]. Medium effects become relevant at nucleon den-
sity above ∼ 10−4 fm−3. However, such single-nucleon quasiparticle approaches fail to describe
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warm nuclear matter at low densities because correlations, in particular bound state formation,
are neglected in mean-field theories.
In the low-density limit, warm nuclear matter can be described as a mixture of different com-
ponents, the clusters. In equilibrium, a mass action law can be derived, and the composition is
determined by nuclear statistical equilibrium (NSE), see [5]. The full account of two-particle cor-
relations (A = 2) in the equation of state results in the Beth-Uhlenbeck expression for the second
virial coefficient [6]. However, NSE in which the interaction between the different components
is neglected, is possible only below nucleon densities of ∼ 10−4 fm−3. To include interactions
on the mean-field level, a generalized Beth-Uhlenbeck formula has been derived in a quantum
statistical approach [6, 7] that reproduces the exact low-density limit as well as the quasiparticle
approach at saturation density. In addition to the single-nucleon self-energy shifts, also Pauli
blocking has to be considered to describe the mean-field effects for bound states consistently.
The formation of higher clusters (A > 2) can also be included in the quantum statistical
approach [8]. A cluster-virial expansion [9] leads to the generalization of the Beth-Uhlenbeck
formula for interacting clusters that are considered as new components (chemical picture). In
particular, the formation of α particles is of importance. This has been accounted for in astro-
physical equations of state [2, 3]. The contribution of clusters near saturation density, however,
has to be suppressed. In a simple phenomenological approach, this suppression is modeled in
an ad hoc way by an excluded volume picture. A more systematic treatment can be given in a
quantum statistical approach where single-nucleon self-energy shifts as well as Pauli blocking
are included [6].
Recently, interest arose in a systematic treatment of the nuclear matter EOS [10]. A combi-
nation of NSE with the RMF approach was given in Ref. [11] treating the medium effects for
clusters via the excluded volume picture. Based on a quantum statistical approach, the nuclear
matter EOS including light cluster (A ≤ 4) formation was given in Ref. [12]. The mass fraction
of different clusters has been calculated, and it was shown how clusters are suppressed with in-
creasing density due to Pauli blocking. This quantum statistical approach that reproduces NSE
and virial expansions in the low-density limit has been applied to supernova explosions [13] as
well as to HIC to determine the symmetry energy in the low-density region [14].
In the quantum statistical approach, the interaction between the different clusters is treated
by the method of thermodynamic Green functions [1]. Not only the free nucleons are treated
as quasiparticles with momentum dependent energy shifts, but also the clusters are described as
quasiparticles with energy shifts depending on the center of mass momentum P of the cluster.
The composition of warm nuclear matter as well as the macroscopic properties are determined
by the cluster quasiparticle energy shifts. The aim of the present work is to provide the medium
modification of the energies of light elements (A ≤ 4) in dense nuclear matter in a compact form,
that can be easily used in further calculations. We generalize and improve previous parametriza-
tions of the quasiparticle energies of light elements [15] as a function of P, T, n, and Yp. Our goal
is to achieve an accuracy of better than 1% in a wide region of parameter values.
The present work gives the quasiparticle energy shifts only for the light elements. Heavier
elements need further investigation and are subject to future work. They are of importance at low
temperatures. Regions of the phase diagram that are dominated by light elements are shown, e.g.,
in [11]. We also neglect weak interaction effects that lead to β equilibrium, as well as Coulomb
interaction. A homogeneous background of electrons is assumed to compensate the charge of
protons. The homogeneous nuclear matter considered here may become thermodynamically
unstable against phase separation. Then, large droplets and more complex structures can be
formed, and Coulomb interaction has to be taken into account (see [16] and references therein)
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which, however, is not included in our treatment. Also the formation of quantum condensates
(pairing, quartetting) will not be discussed here.
2. Quantum statistical approach to warm nuclear matter
We shortly sketch the quantum statistical approach to give the basic relations, for an extended
description see Ref. [15]. We consider only strong interaction and neglect β equilibrium due
to weak interaction. In addition to temperature, the total numbers of protons and neutrons as
conserved quantities are fixed. In the grand canonical ensemble, the corresponding chemical
potentials µn, µp are introduced. The relation to the nucleon numbers is given by the equation of
state [1]
nτ(T, µp, µn) = 2
Ω
∑
~p
∫ dω
2π
fτ(ω)Aτ(~p, ω) (1)
where Ω denotes the system volume. The single nucleon state {~p, σ, τ} contains the momentum
~p and the isospin τ = n, p. The summation over spin σ gives the factor 2. The Fermi function
reads fτ(ω) = [exp((ω − µτ)/T ) + 1]−1, and Aτ(~p, ω) is the spectral function of the nucleons.
The spectral function Aτ(~p, ω) is related to the self-energy Στ(~p, ω) according to
Aτ(~p, ω) = 2ImΣτ(~p, ω − iǫ)[ω − Eτ(~p) − ReΣτ(~p, ω)]2 + [ImΣτ(~p, ω − iǫ)]2 , (2)
where Eτ(~p) = p2/2mτ (non-relativistic case). For small ImΣτ(~p, ω − iǫ), a peak arises at the
quasiparticle energy Eqpτ (~p) = Eτ(~p)+ReΣτ(~p, Eqpτ (~p)). The single-nucleon quasiparticle energy
that depends on the properties of the nuclear medium is usually taken in the effective mass ap-
proximation Eqpτ (p; T, n, Yp) = ∆ESEτ (T, n, Yp)+ p2/2m∗τ(T, n, Yp) where ∆ESEτ denotes the (rigid)
self-energy shift and m∗τ the effective mass of the nucleons.
In warm nuclear matter, significant contributions to the spectral function are due to the imagi-
nary part of the self-energy. Within a cluster decomposition, see [15], the A-nucleon propagators
arise. The corresponding A-nucleon spectral function describes also the formation of bound
states, that appear as peaks at EA,ν(~P) = EA,ν + P2/(2Am) in the low-density limit. The index ν
denotes the internal quantum state of the A-nucleon cluster, ~P its c.o.m. momentum. In general,
the spin and internal excitation states have to be considered to specify the internal quantum num-
bers. This way, the correct low-density limit of warm nuclear matter as a mixture of different
components, the nuclei, is obtained.
The A-nucleon spectral function is modified with increasing density. Similar to the quasi-
particle peak in the single-nucleon spectral function, the peaks in the A-nucleon spectral func-
tion are shifted to quasiparticle energies EqpA,ν(~P) = EA,ν(~P) + Re ΣA,ν(~P, EqpA,ν(~P)). It is clear in
other many-particle systems, such as plasmas or condensed matter, that bound states behave like
new components and can be treated in the same way as elementary particles (chemical picture).
Notice that the introduction of the quasiparticle concept for the light clusters is related to the
behavior of the corresponding spectral functions, irrespective of any particular approximation,
and can be related to measurable properties.
To evaluate the self-energy, perturbation theory and diagram techniques can be used. The
cluster expansion of the self-energy [15] yields the EOS
np(T, µp, µn) = 1
Ω
∑
A,ν,P
Z fA,Z[EqpA,ν(P)] ,
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nn(T, µp, µn) = 1
Ω
∑
A,ν,P
(A − Z) fA,Z[EqpA,ν(P)] , (3)
where
fA,Z(ω) = [exp(β(ω − Zµp − (A − Z)µn)) − (−1)A]−1 (4)
is the Fermi or Bose distribution function that depends on the inverse temperature β = 1/(kBT )
and the chemical potentials µp, µn (instead of the isospin quantum number we use the charge
number Z). The internal quantum number ν denotes the excited states of the cluster A, Z, includ-
ing the continuum states. In addition to the free nucleons A = 1, where Z = 0 for n and Z = 1 for
p, all higher clusters are included.
We arrive at the NSE in the low-density limit where the quasiparticle energies EqpA,ν(~P) can be
replaced by the energies EA,ν(~P) of free nucleons and clusters. The account of the contribution
of the continuum (scattering states) in the sum over ν leads for A = 1, 2 to the Beth-Uhlenbeck
formula for the second virial coefficient [7].
Quasiparticle shifts have to be considered in warm nuclear matter for densities above 10−4
fm−3. Single-nucleon quasiparticle energy shifts Eqpτ (p) have been extensively investigated. Var-
ious approaches are used such as Skyrme, RMF, or DBHF approximations. These are summa-
rized in Sec. 1 and will not be discussed here further. We elaborate expressions for the cluster
quasiparticle energies EqpA,ν(P), A > 1. Starting from a Bethe-Salpeter equation for the A-nucleon
propagator, the treatment of light clusters in warm nuclear matter is traced back to the solution
of the in-medium Schro¨dinger equation
∑
1′ ...A′
Hmatter(1 . . .A; 1′ . . . A′)ψAνP(1′ . . . A′) = EqpA,ν(P)ψAνP(1 . . .A) , (5)
where Hmatter(1 . . .A; 1′ . . .A′) is the instantaneous part of the in-medium Hamiltonian. In cluster
mean-field approximation, explicit expressions are given in Refs. [15, 17, 18].
3. Light nuclei in matter: The in-medium effective Schro¨dinger equation
The few-body problem describing A ≤ 4 nucleons in hot and dense matter can be related to
an in-medium wave equation (Bethe-Salpeter equation) that is derived from many-particle ap-
proaches, see Ref. [15]. We consider only bound states and include A in the quantum state ν,
dropping the spin quantum number. For the light elements, ν = d, t, h, α denotes the deuteron
(2H), the triton (3H), the helion (3He), and the α particle (4He). Considering uncorrelated nu-
cleons in the medium, the few-nucleon wave function and the corresponding eigenvalues follow
from solving the in-medium Schro¨dinger equation
[Eqp1 (1) + . . . + Eqp1 (A)]ψνP(1 . . .A)
+
∑
1′...A′
∑
i< j
[1 − f1(i) − f1( j)]V(i j, i′ j′)
∏
k,i, j
δkk′ψνP(1′ . . . A′)
= Eqpν (P)ψνP(1 . . .A) . (6)
For brevity, the single-nucleon quasiparticle energy Eqpτ1 (~p1) is denoted as Eqp1 (1). The nucleon-
nucleon interaction V(i j, i′ j′) becomes medium dependent due to the Pauli blocking prefactor
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[1 − f1(i) − f1( j)]. The phase space occupation is described by a Fermi distribution function
normalized to the total density of nucleons,
f1(1) = 1
exp[Equ1 (1)/T − µτ/T ] + 1
≈
nτ
2
(
2π~2
m∗τT
)3/2
e
−
p21
2m∗τT (7)
in the low-density, non-degenerate limit (µτ < 0). The chemical potential µτ is determined by the
normalization condition 2Ω−1 ∑p f1(p) = nτ, where τ denotes isospin (neutron or proton), and
has to be expressed in terms of these densities and the temperature. We restrict our calculations
to the low-density region where the non-degenerate limit can be used, and replace the effective
nucleon masses m∗τ by the averaged free nucleon mass m so that ~2/m = 41.46 MeV fm2.
The in-medium Schro¨dinger equation (6) contains the effects of the medium in the single
nucleon quasiparticle shift as well as in the Pauli blocking terms. Obviously, the bound state wave
functions and energy eigenvalues as well as the scattering phase shifts depend on temperature and
density. In particular, we obtain the cluster quasiparticle shifts
Eqpν (P; T, n, Yp) − Eν(P) = ∆ESEν (P; T, n, Yp) + ∆EPauliν (P; T, n, Yp). (8)
Of special interest are the binding energies Ebindν (P) = Eqpν (P) − AEqp1 (P/A) that indicate the en-
ergy difference between the bound state and the continuum of free (scattering) states at the same
total momentum P. This binding energy determines the yield of the different nuclei according
to Eq. (3), where the summation over P is restricted to that region where bound states exist, i.e.
Ebindν (P) ≤ 0.
The contribution of the single nucleon energy shift to the cluster self-energy shift ∆ESEν is
easily calculated in the effective mass approximation, where the single-nucleon quasiparticle
energy shift ∆ESE1 (1) can be represented by the energy shift∆ESEτ and the effective mass [m∗τ]−1 =
[mτ]−1 + ∂2∆Eqpτ (p)/∂p2|p=0. In the rigid shift approximation where m∗ = m, the energy shift
∆ESEτ cancels in the binding energy and can be absorbed in the chemical potential of the EOS
(3). The effective mass correction is also easily calculated for given wave functions, see [13, 15].
The influence of the self-energy shifts on the binding energy is small and will be considered
below in Sec. 4.3.
We consider here the Pauli blocking shift of the binding energies ∆EPauliν (P; T, n, Yp) =
Eqpν (P)−Eν(P)−(A−Z)∆ESEn −Z∆ESEp . To evaluate it, we need the interaction potential V(i j, i′ j′).
We choose a simple separable interaction potential with Gaussian form-factors
V(pi, p j; p′i , p′j) = λνδpi+p j ,p′i+p′j e
−
(pi−p j )2
4γ2ν e
−
(p′i−p
′
j )
2
4γ2ν . (9)
The two parameters λν and γν can be fitted to reproduce the binding energy and the root mean
square (rms) radii of the free nuclei as empirical input [19, 20].
The solution of the few nucleon problem in the low-density limit can be found from varia-
tional, Faddeev [21, 22], Green’s-function Monte Carlo [20], etc., approaches. We use a varia-
tional approach with the Jastrow ansatz [15] for ψνP(1 . . .A) that reproduces the exact solution
for A = 2,
ϕJastrowν (~p1 . . . ~pA) =
1
Nν
∏
i< j
e
−
(~p j−~pi )2
4a2ν
(~p j−~pi)2
4b2ν
+ 1
. (10)
The prefactor Nν is determined by normalization.
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Table 1: Light cluster wave function parameter values at zero density related to the Jastrow approach Eq. (10)
ν λν γν aν bν Ebindν Ekinν rmsν point
[MeV fm3] [fm−1] [fm−1] [fm−1] [MeV] [MeV] [fm]
d (2H) -1287.4 1.474 1.474 0.2317 -2.225 10.338 1.96
t (3H) -1467.0 1.153 1.595 0.567 -8.482 23.735 1.68
h (3He) -1431.9 1.153 1.602 0.5514 -7.718 23.021 1.71
α (4He) -1272.9 1.231 2.151 0.912 -28.30 51.575 1.45
Details are given in Ref. [15] where Jacobian coordinates are introduced. The fit of the
potential and the corresponding wave functions are given in Tab. 1. Due to the tensor force, the
nucleon-nucleon interaction in the spin-triplet state is stronger than in the spin-singlet state. As
detailed in Appendix A, different orbitals for protons and neutrons will occur for A = 3, and
different rms radii for protons and neutrons are considered there. The present analysis is based
on averaged rms radii for t, h given in Tab. 1.
4. Binding energies at finite densities
4.1. Pauli shift in the low-density limit
We focus on the Pauli blocking shift ∆EPauliν (P; T, n, Yp) that is responsible for the disap-
pearence of bound states. It is calculated from Eq. (6) when the influence of the medium is
accounted for only in the Pauli blocking terms.
The solution is found in the low-density limit by perturbation theory, at arbitrary density
by variational calculations. We use the Jastrow ansatz (10) and determine optimal values for
aν and bν. The evaluation of normalization, kinetic and potential energy is performed using
Jacobi coordinates [15]. Note that the in-medium Hamiltonian (6) is not hermitian but can be
transformed to a hermitian Hamiltonian, see Appendix C.
The evaluation of the Pauli blocking shift ∆EPauliν (P; T, n, Yp) is rather involved and time
consuming. In the variational approach, we have to calculate multiple integrals and to search
for a minimum. Similar to the single nucleon quasiparticle shift, where instead of the more
fundamental DBHF calculations a simple fit within the RMF approach is convenient for further
calculations, we will give simple expressions for the Pauli blocking shift that reproduce the
numerical evaluations.
In the low-density limit, the perturbation in Eq. (6) is proportional to the neutron density
(1 − Yp)n and the proton density Ypn. We discuss first the dependence on the asymmetry Yp.
For the deuteron, Pauli blocking is determined by the sum of the neutron and proton distribution
functions fn(p1) + fp(p2), see Eq. (6). It depends only on the total baryon density n in the non-
degenerate limit. Therefore, we neglect the dependence on Yp for ν = d. The same applies for
4He because neutron and proton orbitals are equally occupied for ν = α. In the clusters with
A = 3, however, neutrons and protons contribute differently to the internal structure, so that the
shifts of 3H and 3He are sensitive to the asymmetry of nuclear matter. We find
∆EPauliν (P; n, T, Yp) = fν(P; T, 0) yν(Yp) n + O(n2) , (11)
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Table 2: Parameter values for the Pauli blocking shift ∆EPauliν (P; T, n, Yp), Eq. (12), in the low-density limit
ν fν,0 fν,1 fν,2 fν,3 fν,4
[MeV fm5/2] [MeV fm3] [MeV] - [fm−1]
d (2H) 388338 6792.6 22.52 0.2223 0.2317
t (3H) 159080 20103.4 11.987 0.85465 0.9772
h (3He) 153051 19505.9 11.748 0.84473 0.9566
α (4He) 352965 36146.7 17.074 0.9865 1.9021
with yd(Yp) = yα(Yp) = 1, for triton yt(Yp) =
(
4
3 −
2
3 Yp
)
, and for helion yh(Yp) =
(
2
3 +
2
3 Yp
)
. For
example, in comparison with helions (3He), the tritons (3H) show a stronger shift in neutron-rich
matter because the neutrons in the cluster are stronger blocked than the protons.
The functions fν(P; T, 0) can be calculated in first order perturbation theory using the unper-
turbed wave functions of the free nuclei. Motivated by the exact solution for A = 2, we use the
following fit for arbitrary ν:
fν(P; T, n) = fν,1 exp
− P
2/~2
4( f 2
ν,4/ f 2ν,3)(1 + T/ fν,2) + uνn
 1T 1/2
2 fν,4
P/~
×Im
exp
 f 2ν,3(1 + fν,2/T )
(
1 − i P/~
2 fν,4(1 + T/ fν,2)
)2
×erfc
[
fν,3(1 + fν,2/T )1/2
(
1 − i
P/~
2 fν,4(1 + T/ fν,2)
)]}
(12)
where the term uνn can be neglected in the low-density limit considered in this subsection.
In particular, at zero c.o.m. momentum P = 0 we have
fν(0; T, 0) = fν,0( fν,2 + T )3/2 F(xν), xν = fν,3(1 + fν,2/T )
1/2 , (13)
where F(x) = 2x2
(
1 − π1/2xex2 erfc(x)
)
. The complementary error function is defined as erfc(x) =
1 − erf(x) = 1 − 2π−1/2
∫ x
0 exp(−t2)dt so that limx→∞ F(x) = 1 − 3/(2x2) ± . . ., limx→0 F(x) =
2x2(1 − π1/2x + 2x2 − π1/2x3 ± . . .). Expression (13) is exact for the two-nucleon case, where (in
units of MeV, fm) ad = γd = 1.474, bd = fd,4 = (−Ebindd m/~2)1/2 = 0.2317, fd,2 = ~2a2d/(4m) =
22.52, fd,3 = 21/2bd/ad = 0.2223,
fd,0 =
(
~
2
m
)5/2 21/2π3/2a2d
2 − (2 + 1/ f 2d,3)F( fd,3)
= 388338 ,
and
fd,1 =
(
~
2
m
)3/2
π223/2 fd,3
1 − (1 + 1/(2 f 2d,3))F( fd,3)
= 6792.6 .
The corresponding parameter values for the other light nuclei are given in Tab. 2. The intended
accuracy to reproduce the solution of Eq. (6) is better than1% in the parameter region considered
here.
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Note that the dependence of the Pauli blocking shifts on the asymmetry parameter Yp be-
comes more involved if we consider different orbitals for the neutrons and the protons in the
clusters. In particular, this applies for triton (3H) and helion (3He) where the neutron and proton
orbitals are different, see Appendix A.
4.2. Pauli shift at arbitrary subsaturation density
The results for the Pauli shift obtained in the low density limit using perturbation theory can
be extended to higher densities using a variational approach to solve the in-medium Schro¨dinger
equation Eq. (6). We used the Jastrow ansatz (10) for the class of wave functions and optimized
the parameter values for aν, bν.
In the low-density limit, a linear dependence of the energy shifts on the nucleon density n
follows from perturbation theory. For a more general dependence on the total nucleon density
we consider the expression
∆EPauliν (P; n, T, Yp) = cν(P; T )
{
1 − exp
[
−
fν(P; T, n)
cν(P; T ) yν(Yp)n − dν(P; T, n)n
2
]}
. (14)
This ansatz has been taken to ensure that the shift will not decrease with increasing density
and to avoid spurious reappearance of bound states at high densities, after they are blocked out.
The linear term fν(P; T, 0) is given by first order perturbation theory with respect to the density.
The asymptotic term cν(P; T ) should be larger than the cluster binding energy so that the bound
state merges with the continuum of scattering states at a certain density and disappears. We
restrict ourselves to the quadratic term with respect to the density dependence, a further density
dependence in the prefactor dν(P; T, n) disappears at P = 0 as discussed below.
We have reduced the parameter dependences as much as possible to get the intended accuracy
of few percent to reproduce the Pauli shifts also at higher densities. For zero momenta, P = 0,
the temperature dependence of cν(0; T ) and dν(0; T, n) is expressed as
cν(0; T ) = cν,0 +
cν,1
(T − cν,2)2 + cν,3 , dν(0; T, n) =
dν,1
(T − dν,2)2 + dν,3 . (15)
The corresponding parameters are given in Tab. 3.
The Pauli shift at finite momenta is fitted with cν(P; T ) = cν(0; T ) not depending on P, but
dν(P; T, n) = dν(0; T, n)e−
P2/~2
vνTn . (16)
An additional dependence on n, T is considered at finite values of P. Another additional de-
pendence on n, T for finite momenta is introduced in fν(P; T, n) where the dispersion relation
becomes density dependent due to the parameter uν. Parameter values are given in Tab. 3. Start-
ing from the fit to deuterons, the parameter values uν describing the dispersion were scaled to A2,
see also [12] where similar values have been considered. The optimalisation of the parameter
values vν was performed to reproduce the calculated values for the Pauli blocking shift within
few percent.
4.3. Self-energy shift
The quasiparticle shifts, Eq. (8), contain besides the Pauli blocking also self-energy terms.
The self-energy shifts can be easily evaluated if the effective mass approximation is taken for the
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Table 3: Parameter values for the Pauli blocking shift ∆EPauliν (0; T, n, Yp), Eq. (14), in units of MeV and fm (cν,0 , cν,2 , dν,2
- [MeV]; cν,1 - [MeV3]; cν,3 , dν,3 - [MeV2]; dν,1 - [MeV2 fm6]; uν - fm; vν - [MeV−1 fm])
ν d (2H) t (3H) h (3He) α (4He)
cν,0 2.752 11.556 10.435 150.71
cν,1 32.032 117.24 176.78 9772
cν,2 0 3.7362 3.5926 2.0495
cν,3 9.733 4.8426 5.8137 2.1624
dν,1 523757 108762 90996 5391.2
dν,2 0 9.3312 10.72 3.5099
dν,3 15.273 49.678 47.919 44.126
uν 11.23 25.27 25.27 44.92
vν 0.145 0.284 0.27 0.433
single nucleon quasiparticle dispersion relation. Taking the unperturbed Jastrow wave function
(10), the perturbative treatment gives the result
∆ESEν (P; T, n, Yp) =
(
Ekinν +
P2
2A2νm
) (
m
m∗
− 1
)
(17)
where the kinetic energy Ekinν of the internal motion of the cluster ν is given in Tab. 1. It results
as the averages of ~2/mq21 for A = 2, ~
2/m(q21 + 3/4q22) for A = 3, and ~2/m(q21 + 3/4q32 + 2/3q23)
for A = 4, where ~qi denote the respective Jacobian momenta. To estimate the effect, an empirical
expression m∗/m = 1 − 0.17n/nsat can be taken.
We denote the momentum PMottd (T, n, Yp), where the bound state disappears, as Mott mo-
mentum, see Appendix B. At n > nMottd (T, Yp), the summation over the momentum to calculate
the bound state contribution to the composition is restricted to the region P > PMottd (T, n, Yp).
Below the Mott density, the influence of the self-energy shifts is small. If the nucleon density
approaches the saturation density, the suppression of clusters is enhanced due to the self-energy
shifts.
5. Discussion and outlook
The context of this work is the calculation of the composition of warm nuclear matter cover-
ing a wide range of parameter values T, n, and Yp. Within a quantum statistical approach, exact
results in the low-density limit as well as quasiparticle approaches near the saturation density are
reproduced. A generalized Beth-Uhlenbeck approach [7] can be used that leads to NSE and the
virial EOS at low densities, but includes medium effects that become relevant for baryon number
densities above ∼ 10−4 fm−3.
In the present work, we focus on the light elements d, t, h, α immersed in warm and dense
matter. The quasiparticle description is an important prerequisite for their proper treatment in
connection with thermodynamic or transport properties. The parametrization given here can
be improved in different ways. The solution of the few-body problem accounting for medium
effects, Eq. (6), can be performed using more sophisticated methods instead of the variational
approach. The class of functions that represent the quasiparticle shifts as function of temperature,
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density, and asymmetry parameter, can be extended and better adjusted to the solution of the few-
body problem for the light elements.
We restrict us to the light elements A ≤ 4. An extension to heavier elements is possible but
needs further considerations, see Ref. [8]. Since the following elements up to carbon are weakly
bound, only small yields are expected. In particular, at low temperatures the formation of heavier
clusters is of interest. Then, the proper treatment of Coulomb interactions and inhomogeneous
solutions is inevitable [2, 3, 10]. As well known, in the region of thermodynamical instability
the Coulomb interaction is responsible for structure formation representing both phases.
Another issue is the treatment of excited states, in particular the continuum of scattering
states, that are also included in the EOS (3). The contribution of scattering states has to be taken
into account to reproduce the correct low-density limit of the second virial coefficient. For the
in-medium treatment of scattering states in the two-nucleon case, as well as the evaluation of the
second virial coefficient, see [6, 7, 9]. In particular, the deuteron fraction is reduced if scattering
states are considered, because the binding energy is comparable to the temperature. Sharply
peaked structures related to the Mott effect are washed out because of the Levinson theorem, see
[7]. For nonequilibrium processes like HIC, the pole structure of the cluster spectral function
may be relevant so that the cluster yields are not determined by the contribution of scattering
states to the second virial coefficient.
The extension of the low-density results for the quasiparticle shifts to the region of the satura-
tion density needs further discussion. The expressions for the self-energy and the Pauli blocking
are obtained in first order with respect to the distribution function f1(1) in the medium part of the
Hamiltonian. Higher orders will arise, e.g., from the free A-particle propagator. Also, the peaks
in the spectral function that characterize the quasiparticle excitations are broadened at increasing
density what reflects the damping of the quasiparticles due to collisions.
Moreover, the approximation of the uncorrelated medium used in the in-medium wave equa-
tion (6) can be improved considering the cluster mean-field approximation [6, 15, 17]. In partic-
ular, at low temperatures and low densities α cluster become dominant, and the medium effects
of α matter are produced by the surrounding α clusters. Then, the α quasiparticle energy shift is
determined by the effective α − α interaction. Finally, degeneracy and the formation of quantum
condensates (pairing, quartetting) has to be considered in the low temperature region, when the
single-nucleon chemical potentials approach the lowest bosonic (A = 2, 4) binding energy.
In conclusion, the parametrization of the quasiparticle cluster energies provides us with a
tool to extend low-density approaches such as NSE to higher densities where mean-field effects
become relevant. This is an indispensable ingredient to calculate the composition of nuclear
matter in astrophysical applications as well as in HIC. The contributions to the quasiparticle
energies that are linear in the density, expressed by the functions fν(P; T ), Eq. (14), are well
described already in perturbation theory. At higher densities, exploratory results have been given,
in particular with respect to the disappearance of bound states with given c.o.m. momentum. The
detailed treatment of correlations formed in the nucleonic many-body system at higher densities,
in particular the evaluation of the spectral function, remains a challenging problem.
Appendix A. Binding energies and rms radii of light nuclei
We start out from the empirical values for the binding energies and charge rms radii for
the light elements [19, 20], see Table A.4. The experimental charge radii have been converted
to point proton rms radii by removing the proton and neutron 〈r2〉 of 0.743 and -0.116 fm2,
respectively.
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Table A.4: Empirical data of light nuclei [19, 20]
binding mass spin rms-radius rms-radius
energy (charge) (point, proton)
[MeV] [MeV/c2] [fm] [fm]
n 0 939.565 1/2 0.34 0
p (1H) 0 938.783 1/2 0.87 0
d (2H) -2.225 1876.12 1 2.12 1.96
t (3H) -8.482 2809.43 1/2 1.76 1.58
h (3He) -7.718 2809.41 1/2 1.93 1.76
α (4He) -28.30 3728.40 0 1.68 1.48
Because of equal numbers, the neutron and proton orbitals are approximately identical in d
and α. The situation is more complex for t and h where the numbers of protons and neutrons
are different. We give some exploratory calculations to estimate the different orbitals of neutrons
and protons in t and h, in particular the different rms radii.
We deduce characteristics of the nucleon wave functions from experimental data that are
available for the binding energies Et, Eh, as well as the proton rms radii rmst,p and rmsh,p.
Coulomb interactions and tensor forces are responsible for the differences between t and h. As
mirror nuclei, the difference in the binding energy is caused by the Coulomb interaction that leads
to a repulsion between the protons in 3He so that the binding energy is reduced if comparing with
3H. We also expect that the rms values are slightly larger in h because it is not so strongly bound
as t. However, the observed large difference in the rms radii is due to the tensor force of the
nucleon-nucleon interaction that is related to spin orientation.
The occurrence of the deuteron as a bound state in the p−n spin triplet channel, in contrast to
p − p or n − n where a bound state is absent, is due to the tensor force that makes the interaction
between nucleons in the spin-triplet state stronger than between nucleons in the spin-singlet state.
In the ground state of 3H, there are two neutrons with opposite spin orientation, whereas a proton
is found, say, with spin up. The interaction of this proton with the neutrons contains contributions
from the tensor force (with the spin-up neutron). The spin-up neutron feels also the tensor force
(with the proton), whereas the spin-down neutron sees only opposite spins so that no tensor force
acts. On average, the neutron is weaker bound in 3H than the proton so that its rms radius is
larger, rmst,n > rmst,p. Vice versa, in 3He the proton rms radius is expected to be larger than the
neutron one, rmsh,p > rmsh,n.
To separate both, the tensor and Coulomb effects, we assume first that Coulomb effects can
be discarded. Then we have rms′t,n = rmsh,p and rms′h,n = rmst,p. In the average, the point
nucleon rms radius of the three-nucleon bound state is rms′3,aver = (rmst,p + 2 rmsh,p)/3 = 1.70
fm. Correspondingly, we consider an averaged binding energy E3,aver = (Et + 2 Eh)/3 = 7.973
MeV. This averaged three-nucleon bound state serves only for guidance to estimate the effects
and does not provide high precision, because it is contaminated by Coulomb effects. For this
average nucleus, we obtain the parametrization λ3 = 1443.66, γ3 = 1.153, a3 = 1.5998, and
b3 = 0.5567.
For the further analysis, we assume that the range of the interaction γ is nearly constant. To
study the influence of the Coulomb interactions we change the strength λ of the interaction and
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Table A.5: Light cluster wave function parameter at zero density from the Jastrow approach, A = 3
ν λν γν aν bν Eν rmsν point
[MeV fm3] [fm−1] [fm−1] [fm−1] [MeV] [fm]
t (3H)p -1600.5 1.153 1.571 0.6237 -11.525 1.59
t (3H)n -1413.2 1.153 1.607 0.5429 -7.320 1.73
h (3He)p -1381.5 1.153 1.615 0.5281 -6.645 1.76
h (3He)n -1553.6 1.153 1.578 0.6041 -10.441 1.62
evaluate the change of binding energy and of the rms radius. This gives a relation between the
binding energy and the rms radius. In particular, for E3 = Et we find rmst = 1.68 fm, and for
E3 = Eh we find rmsh = 1.71 fm. From this, we conclude that the weaker bound nucleus (h) is
blown up by rmsh − rmst = 0.03 fm. We determine the potential parameters λ, γ that reproduce
the values Et, rmst, and Eh, rmsh, see Table 1.
Note that we can specify the neutron point rms radius, assuming that the orbits in h are ex-
panded by 0.03 fm compared to t. Using the measured rms radii for the protons, we estimate
values for the neutron point rms radius rmst,n, rmsh,n shown in the Table A.5. Finally, we de-
termined the proton and neutron wave functions assuming that the range of interaction remains
fixed and the strength of interaction is fitted to the respective rms radii. Results are given in
Table A.5. Using the corresponding parameter values, we can calculate the contributions of the
different orbitals to the Pauli blocking shift of the triton t and helion h. We will give the results
in a forthcoming work and restrict us here to the shifts derived from the averaged values given in
Table 1.
Appendix B. Pauli blocking shift of the deuteron
In the case A = 2, we introduce Jacobian wave numbers ~q1 = (~p2 − ~p1)/2~, ~~q2 = ~P =
~p1+ ~p2. The exact solution of Eq. (6) gives the momentum dependent in-medium binding energy
Ebindd (P) = Eqpd (P) − P2/(4m) = Ed + ∆EPaulid (P) according to (K = P/~)
λd
4π2
∫ ∞
0
dq1
∫ 1
−1
dz1
q21
Ebindd (P) − ~2q21/m
e
− 2
γ2d
q21
×
[
1 − 1
e
~2
2mT (q21−q1Kz1+K2/4)− µnT + 1
−
1
e
~2
2mT (q21+q1Kz1+K2/4)−
µp
T + 1
]
= 1
(B.1)
with effective chemical potentials (containing the self-energy shifts) determined by
1
π2
∫ ∞
0
dkk2 1
e
~2k2
2mT −
µτ
T + 1
= nτ . (B.2)
Numerical solution gives the binding energy Ebindd (P; T, n, Yp).
In the non-degenerate case, i.e. at low densities and not too low temperatures, where the
effective chemical potentials are negative, integrations can be performed analytically. Then, it is
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Figure B.1: Shift of the deuteron binding energy Ebindd (P = 0) = Ed + ∆EPaulid (0), Eq. (8), as function of the baryon
density n at different temperatures T, Yp = 0.5. The numerical solution of Eq. (B.1) is compared with the fit formula
(thin lines), Eq. (14), and the non-degenerate approximation (dotted lines).
easily shown that only the total baryon density n = nn + np enters so that the solution does not
depend on the asymmetry Yp. The typical behavior of the binding energy is shown for symmetric
matter (Yp = 0.5) in Figs. B.1 and B.2. For comparison, the solution replacing the Fermi function
by the Boltzmann function is also shown. At the temperatures considered, the differences are
small. Only at very low temperatures where Bose-Einstein condensation is possible, significant
differences are expected.
Depending on temperature, the absolute value of the binding energy at zero momentum
Ebindd (0; T, n, Yp) is decreasing with increasing density and merges with the continuum of scat-
tering states. The analytical fit reproduces this behavior with exception of the region where the
bound state merges with the continuum. We denote this density as Mott density nMottd (T, Yp).
Note that this disappearance of a bound state does not introduce discontinuities in the EOS,
provided that the contribution of scattering phase shifts is also taken into account [7].
To give a simple approximation for the Mott density we perform a fit (in units MeV, fm−3),
nMottd (T, Yp) ≈ 0.00057646+ 0.00065443 T + 0.000012491 T 2 . (B.3)
For baryon densities higher than the Mott density, bound states can be formed only for c.o.m.
momenta P larger than the Mott momentum ~KMottd (T, n, Yp). Using the solution of Eq. (B.1) at
arbitrary degeneracy, a fit is given as
[
KMottd (T, n, Yp)
]2
≈ −
4.5185 − 0.16164 T + 0.0056582 T 2
2(1.32 − 0.02782 T )
+
 (4.5185− 0.16164 T + 0.0056582 T 2)24(1.32− 0.02782 T )2 +
1000(n − nMottd (T, Yp))
1.32 − 0.02782 T

1/2
.
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Figure B.2: Shift of the deuteron binding energy Ebindd (~K) = Ed + ∆EPaulid (~K), Eq. (8), as function of the deuteron
c.o.m. momentum P = ~K at T = 10 MeV for different baryon densities n, Yp = 0.5. The numerical solution of Eq. (B.1)
is compared with the fit formula (thin lines), Eq. (14). The dotted line is the fit according Eq. (B.6).
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(B.4)
The behavior of Ebindd (P; T, n, Yp) as function of the c.o.m. momentum ~P is shown in Fig. B.2
for different densities at fixed temperature T = 10 MeV and Yp = 0.5. With increasing P, the
overlap of the wave function with the occupied phase space becomes smaller so that the Pauli
blocking mechanism becomes less efficient, and the shift is decreasing. A Gaussian fit as used in
Refs. [12, 15] is reasonable at small densities. The merger with the continuum leads to deviations
so that, in principle, higher orders of P2 can be considered in the dispersion relation.
To give a more general fit that reproduces the exact solution within a few percent within the
entire P space, we take
∆EPaulid (P; T, n, Yp) = ∆EPaulid (0; T, n, Yp)
e−ga,d(T,n)P
2/~2
1 + gb,d(T, n)P2/~2 , (B.5)
for n ≤ nMottd (T, Yp), and for n > nMottd (T, Yp):
∆EPaulid (P; T, n, Yp) = Ed
e−ga,d(T,n)(K−K
Mott
d (T,n,Yp))2
1 + gc,d(T, n)(K − KMottd (T, n, Yp))2
, (B.6)
with the quantities
ga,d(T, n) = (0.279145− 0.0099364 T + 0.00017819 T 2)
+(0.41393+ 0.0069374 T ) n− 1.65 n2 ,
gb,d(T, n) =
 ~
2
8mT
1 −
2 fd,2 f 2d,3
3T
[
1
F( fd,3 (1 + fd,2/T )1/2) − 1
] − ga,d(T, n)

×
[
1 + (25.797− 10.456 T + 0.29668 T 2) n
]
,
gc,d(T, n) =
 ~
2
8mT
1 −
2 fd,2 f 2d,3
3T
[
1
F( fd,3 (1 + fd,2/T )1/2) − 1
] − ga,d(T, n)

×
[
1 − (41.703− 2.6883 T + 0.18684 T 2) n
]
+(1.0613− 0.083155 T + 0.0018922 T 2)KMottd (T, n, Yp) .
(B.7)
Large deviations of the fit and the exact solution arise for small c.o.m. momenta near the Mott
density nMottd (T, Yp), see Fig. B.2.
Appendix C. Symmetrization of the in-medium Hamiltonian
The in-medium Hamiltonian (6) is not hermitian, Hmatter(1 . . .A, 1′ . . . A′) , [Hmatter(1′ . . . A′, 1 . . .A)]∗,
see also [23]. In the case A = 2 it can be transformed to a hermitian Hamiltonian, [1 − f (1) −
f (2)]w(1, 2)w(1′2′) → [1 − f (1) − f (2)]1/2w(1, 2)w(1′2′)[1 − f (1′) − f (2′)]1/2 transforming also
the wave functions ψdP(12) → [1 − f (1) − f (2)]−1/2ψdP(12). In the nondegenerate case where
f (1) ≪ 1, we can take [1 − f (1)/2 − f (2)/2]w(1, 2)w(1′2′)[1 − f (1′)/2 − f (2′)/2] for the sym-
metrised Hamiltonian. In the degenerate case, new effects such as pairing will occur. In contrast
to the Pauli blocking term [1 − f (1)][1 − f (2)] used in the Brueckner theory, where hole-hole
contributions are neglected, the full Pauli blocking term [1 − f (1) − f (2)] leads to the Gor’kov
equation in the BCS theory of superfluidity.
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